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ABSTRACT

This paper presents a classiϐication framework of granular neural networks
(GNNs) designed for classiϐication tasks. Built upon conventional neural net‑
work architectures, the framework introduces interval‑valued (granular) con‑
nections, where each interval forms an information granule around a numeric
weight. This design is proposed to utilize a granular approach in classiϐication
tasks. This representation provides a quantiϐiable measure of uncertainty and
interpretability in classiϐication decisions. By optimally distributing informa‑
tion granularity across network connections, the proposed model seeks to max‑
imize classiϐication conϐidence while preserving speciϐicity. To achieve this ob‑
jective, a single‑objective particle swarm optimization (PSO) algorithm is em‑
ployed, guided by classiϐication coverage and speciϐicity criteria. The proposed
approach is validated using benchmark datasets and evaluated through multi‑
ple performance indices derived from the Interval Neutrosophic Set (INS) and
granular computing domains.

1. Introduction
Traditional neural networks used for classification are typically designed as deterministic systems,

which take inputs and produce definite categorical labels. While this approach works well with clean
data, it struggles in situations filled with uncertainty, such asmedical diagnostics, environmental mon‐
itoring, or remote sensing, where input features are often noisy, ambiguous, or incomplete. In such
cases, it’s not just aboutwhat themodel predicts, but also how confident it is in those predictions. This
is where Granular Neural Networks (GNNs) present a meaningful shift. By incorporating information
granules and interval‐valued representations into their structure, GNNs enable the inherent quantifi‐
cation of uncertainty. This enhances the interpretability and robustness of their predictions in the face
of data variability. The existing research area focused on designing, optimizing, and applying GNNs for
tasks, regression [1], prediction intervals [2], and time series analysis [3]. We will focus on a classifi‐
cation task. This review consolidates recent studies that advance both the theoretical understanding
and practical implementation of GNNs.

GNNs extend conventional neural architectures by embedding information granules, intervals
formed around numeric weights, into the model. These models produce interval‐valued outputs that
encapsulate the uncertainty associated with predictions. Since the pioneering framework introduced
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by [1], research in this domain has grown into a rich interdisciplinary field. [4] contributed a neural‐
fuzzy modelling scheme grounded in granular computing, while [5] took early steps toward integrat‐
ing fuzzy regression with interval weights. More recent efforts have honed in on the optimization
of granularity itself both in the input space and within model parameters [6–8] as well as adaptive
granulation based on data characteristics [9, 10]. [11] introduced hyper‐box iteration granulation to
streamline structure and improve computational clarity. In parallel, applications have expanded: [12]
unified granular architectures for improved classification, while others have pushed GNNs into fore‐
casting [13,14], compactmodeling via optimized data subsets [15], and dynamic network analysis [16].
Even in limited‐data regimes like few‐shot learning, granularity has proven valuable for generaliza‐
tion [17, 18]. Meanwhile, foundational reviews [19] and conceptual expansions [20] continue to re‐
define what granular computing can bring to neural systems.

Although conventional neural networks achieve high classification accuracy, they typically provide
point‐valued predictions that fail to explicitly characterize predictive uncertainty. To overcome this
limitation, this paper presents a classification‐oriented Granular Neural Network (GNN) framework
that produces interval‐valued probabilistic outputs, enabling uncertainty‐aware classification through
granular information representation

• A new formulation of interval‐valued class predictions that allows for simultaneous uncertainty
estimation in classification tasks.

• The principle of justifiable granularity and the allocation of information granularity are com‐
bined, wherein interval bounds are optimized utilizing PSO to balance coverage and specificity.

• A newmapping from interval‐valued GNN outputs to Interval Neutrosophic Sets (INS), enabling
semantic interpretation through Truth, Intermediacy, and Falsity.

• A unified evaluation framework combining geometric (coverage/specificity) and semantic (INS)
metrics for assessing uncertainty‐aware classifiers.

It is important to emphasize that the proposed work departs from conventional objectives in ma‐
chine learning that primarily focus on maximizing predictive accuracy. Instead, it aims to explicitly
model and quantify uncertainty, particularly in settings where the underlying classifier is weak or sub‐
optimally trained.

The paper is structured as follows: Section 2 introduces the Granular Classifier and its neural net‐
work basis, along with the performance metrics used for evaluation. Section 3 shows experimental
results on various public datasets, and Section 4 concludes the paper.

2. Granular Neural Network Classifier Based on Interval‐Valued Architectures
We begin with a standard multilayer perceptron (MLP) classifier trained using categorical cross‐

entropy loss. The input vector x ∈ Rn is propagated through layers using interval‐valued weights and
biases.

Interval Arithmetic Essentials Before delving deeper into the granular neural network structure, it
is helpful to recall basic results from interval arithmetic. When variables are represented as intervals
say,X = [a, b] and Y = [c, d]—the fundamental operations are defined as follows:

Addition: X + Y = [a+ c, ; b+ d],

Subtraction: X − Y = [a− d, ; b− c],

Multiplication: X × Y = [min(ac, ad, bc, bd), ;max(ac, ad, bc, bd)],

Division:
X

Y
= X ×

[
1

d
,
1

c

]
(assuming 0 /∈ Y ).

Additionally, the behavior of functions applied to intervals depends on their monotonicity:
If f is non‐decreasing: f([a, b]) = [f(a), f(b)],

If f is non‐increasing: f([a, b]) = [f(b), f(a)].

These rules serve as the mathematical foundation for processing interval‐valued data within the
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GNN framework.
Given the input vector x = [x1, x2, . . . , xn], interval weights Wji = [w−

ji, w
+
ji], interval bias bj =

[b−j , b
+
j ], and assuming c output classes, the hidden layer computation is defined as

z−j =
n∑

i=1

min(w−
jixi, w

+
jixi) + b−j , (1)

z+j =
n∑

i=1

max(w−
jixi, w

+
jixi) + b+j , (2)

where z−j and z+j denote the lower and upper bounds of the pre‐activation value for the jth hidden
neuron, respectively. Applying a monotonic activation function (e.g., sigmoid or ReLU) gives

hj = [h−
j , h

+
j ] = [f(z−j ), f(z

+
j )]. (3)

Given interval weights vkj = [v−kj, v
+
kj] and interval bias dk = [d−k , d

+
k ], the interval output of the

kth output neuron is computed as

ỹ−k =
H∑
j=1

v−kjh
−
j + d−k , (4)

ỹ+k =
H∑
j=1

v+kjh
+
j + d+k , (5)

where H is the number of hidden neurons. In actuality, for the posterity of the NN, the actual out
puts yk = [y−k , y

+
k ] are the result of:

y−k = min
(
ỹ−k , ỹ

+
k

)
, y+k = max

(
ỹ−k , ỹ

+
k

)
, (6)

which guarantees: y−k ≤ y+k (7)
The network therefore produces an interval prediction for each output class,

y =
{
[y−1 , y

+
1 ], [y

−
2 , y

+
2 ], . . . , [y

−
c , y

+
c ]
}
. (8)

It is through this output calculated, that the classification is made. But due to the nature of the result,
it is not possible to strictly call this result a probability, as it does not use the softmax function. The re‐
sults produced through our experiment and described systemwill be referred to as a score as opposed
to a probability. Figure 1 shows a granular neural network with three inputs, two hidden layers, and
three output layers, featuring interval‐based weights and biases, with the output also expressed as
intervals. qi
2.1 Granular Allocation and Optimization

The process of forming interval weights involves allocating an information granularity level ϵ to
each connection [1]. For a givenweightwji and bias bk, the corresponding interval bounds are defined
as:

w−
ji = wji − ϵ|wji|, (9)

w+
ji = wji + ϵ|wji|, (10)
b−k = bk − ϵ|bk|, (11)
b+k = bk + ϵ|bk|. (12)

where
∑p

i=1 ϵi = pϵ and p represent the number of parameters in the neural network (total num‐
ber of weights and biases)

The total available granularity is distributed among weights and biases. Different allocation pro‐
tocols are considered:
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Fig. 1. Granular Neural Network

• C1: Uniform symmetric allocation where all connections use the same ϵ, split evenly as ϵ− =
ϵ+ = ϵ/2.

• C2: Uniform asymmetric allocation with same ϵ but different ϵ− and ϵ+ satisfying (1 − γ)ϵ− +
(γ)ϵ+ = ϵ. γ ∈ [0, 1]

• C3: Nonuniform symmetric allocation where each connection has its own ϵi, symmetrically split
as ϵ−i = ϵ+i = ϵi/2.

• C4: Nonuniform asymmetric allocation where ϵ−i + ϵ+i = ϵi.
• C5: Random allocation used as a baseline to evaluate optimization improvements.

2.2 Interval Neutrosophic Sets (INS)
Interval Neutrosophic Sets (INSs) are an extension of fuzzy set concepts, aimed at addressing prob‐

lems involving intervals of real numbers and the limitation of fuzzy sets in handling certain types of
uncertainty [21]. As a generalization of multiple forms of fuzzy sets, INSs describe an item in the set
with three values: Truth (T), Intermediacy (I), and Falsity. (F). An item, let it be A, can relate to a set
with a value TA showing how strongly it belongs to the set, a value IA showing how indeterminate it is
in the set and a value FA to relay how falsely related it is to the set. As the values T, I, and F ultimately
describe membership, they must obey the constraint:

0 ≤ TA + IA + FA ≤ 3 (13)
Allowing independent variation of the variables. The use of Neutrosophic set characterization can
provide greater flexibility [22]. In the case of vague values, the decision of the class requires a deci‐
sion based on a metric, which is where INS interpretations are usable. With the use of concepts of
Truth, Falsity, and Intermediacy, the results can be better represented, and qualitative descriptions
can be used [23]. Using an understanding of INS characteristics, the results of the granular Neural
Network can be mapped to the INS constraints. The GNN produces two vectors of interval class pre‐
diction, namely the lower‐bound prediction vector y− and the upper‐bound prediction vector y+, each
containing one predicted score for every output class (k = 1, . . . , c):

y+ =
[
y+1 , y

+
2 , . . . , y

+
c

]
,

y− =
[
y−1 , y

−
2 , . . . , y

−
c

]
.

Each output class is therefore represented by an interval
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[y−k , y
+
k ], k = 1, . . . , c.

Traditional crisp accuracy evaluates only the final predicted class and therefore cannot fully charac‐
terize the uncertainty represented by these interval predictions. By mapping the interval outputs into
the Interval Neutrosophic Set (INS) framework, three complementary characteristics are obtained:

(a) Truth (T): Let
Yt = [y−t , y

+
t ]

be the interval prediction output of the target class, and let

Yo = [y−o , y
+
o ],

be the interval score of the strongest competing class, where

y−o = max
k ̸=t

y−k , y+o = max
k ̸=t

y+k .

The Truth component is defined directly as the target interval,

T = Yt. (14)
(b) Intermediacy (I):

Intermediacy represents the uncertainty shared between the target class and its strongest
competing class. It is defined as the intersection of their interval output,

I = Yt ∩ Yo =

{
[max(y−t , y−o ), min(y+t , y+o )], if max(y−t , y−o ) < min(y+t , y+o ),

∅, otherwise.
(15)

(c) Falsity (F):
Falsity quantifies the strongest evidence supporting the competing class against the tar‐
get class. Since the shared uncertainty has already been captured by the Intermediacy
component, Falsity is defined as the largest non‐overlapping segment of the competing
interval.
The left and right non‐overlapping segments are

L =

{
[y−o , y

−
t ], y−o < y−t ,

∅, otherwise,

R =

{
[y+t , y

+
o ], y+o > y+t ,

∅, otherwise.
where the interval length is defined as

len([a, b]) = b− a.

The falsity interval is then determined as

F =


∅, Yo ⊆ Yt,

Yo, Yt ∩ Yo = ∅,

argmax
S∈{L,R}

len(S), otherwise.
(16)

Here, Truth represents the confidence assigned to the target class, Intermediacy captures
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the uncertainty shared between the target and the strongest competing class, and Falsity
represents the dominant non‐overlapping evidence supporting the competing class. This
mapping preserves the interval‐valued outputs produced by the GNN while providing a
consistent Interval Neutrosophic interpretation.

Unlike classical INS, where Truth, Indeterminacy, and Falsity are independently assigned, the
proposed approach derives these three components directly from interval‐valued class predic‐
tions generated by the GNN. Consequently, the proposed formulation constitutes a new INS
mapping tailored for interval‐based classification

Consider a GNN with four output classes (c = 4). For each class k = 1, . . . , c, the network pro‐
duces an interval prediction [y−k , y

+
k ]. The prediction corresponding to the target class t is mapped

into the Interval Neutrosophic Set (INS) framework using the three components:
• Truth (T ): confidence in the target class.
• Falsity (F ): evidence supporting the strongest competing class.
• Intermediacy (I): uncertainty caused by overlap between the target and competing class inter‐

vals.
This representation distinguishes confident, ambiguous, and incorrect predictions, providing a

richer uncertainty characterization than conventional crisp accuracy.
Example A (Target clearly stronger).
Suppose the GNN produces the interval‐valued prediction vectors

y− = [0.10, 0.36, 0.20, 0.05], y+ = [0.40, 0.80, 0.55, 0.30],
where the target class is t = 2. Therefore,

Yt = [0.36, 0.80], Yo = [0.20, 0.55].

Since the two intervals overlap,
T = Yt = [0.36, 0.80], I = [0.20, 0.55], F = ∅.

Using the interval midpoints as representative values,
T ∗ = 0.58, I∗ = 0.175, F ∗ = 0,

which satisfy
0 ≤ T ∗ + I∗ + F ∗ = 0.755 ≤ 3.

Example B (Strong competing evidence).
Suppose

Yt = [0.20, 0.55], Yo = [0.36, 0.80].

The overlap between the two intervals is

I = Yt ∩ Yo = [0.36, 0.55].

The left non‐overlapping segment is

L = ∅,
while the right non‐overlapping segment is

R = [0.55, 0.80].

Since
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len(R) > len(L),
the falsity interval is

F = R = [0.55, 0.80].

Thus,

T = [0.20, 0.55], I = [0.36, 0.55], F = [0.55, 0.80].

Using interval midpoints,

T ∗ = 0.375, I∗ = 0.455, F ∗ = 0.675,

which satisfy

0 ≤ T ∗ + I∗ + F ∗ = 1.505 ≤ 3.

These examples illustrate how interval‐valued GNN outputs are mapped into the proposed INS
representation. In Example A, the target interval is completely separated from the strongest com‐
peting interval, resulting in high Truth and zero Intermediacy and Falsity, which indicates a confident
prediction. In Example B, the target and competing intervals partially overlap, producing a non‐empty
Intermediacy interval together with a dominant Falsity interval, indicating both ambiguity and strong
competing evidence.

Classification based on interval‐valued outputs: The trained GNN produces two vectors creating
and an interval‐values score, f y− and y+, representing the lower and upper bounds of the class score,
respectively. The final class prediction is determined according to two possible cases.
Consistent Prediction: If both score vectors assign their maximum score to the same class, that class
is selected as the final prediction. For example,

y− = [0.10, 0.36, 0.20, 0.05], y+ = [0.40, 0.80, 0.55, 0.30].
Both vectors assign the highest score to class k = 2; therefore, the final predicted class is class 2.

Conflicting Prediction: If the lower and upper bound score vectors assign their maximum score to
different classes, the final prediction is determined by the upper bound score vector y+. For example,

y− = [0.10, 0.36, 0.40, 0.05], y+ = [0.40, 0.80, 0.55, 0.30].
The lower bound score vector assigns the highest score to class k = 3, whereas the upper bound
score vector assigns the highest score to class k = 2. Consequently, the final predicted class is class
2.

The proposed decision rule prioritizes the upper‐bound score vector because it represents the
maximum confidence supported by the interval‐valued prediction. This conserves the most influen‐
tial prediction, and provides a consistent decision strategy for resolving disagreements between the
lower‐ and upper‐bound predictions while preserving the semantic interpretation of the interval out‐
put.
2.3 Performance Indices of the Granular Classifier

The proposed Granular Neural Network (GNN) is evaluated using two complementary groups of
performance measures. The first group assesses the quality of the generated interval predictions in
terms of coverage and precision and is used for the formation of the GNN. The second group pro‐
vides a semantic interpretation of the interval‐valued predictions through the proposed INS mapping,
enabling a richer characterization of prediction confidence and uncertainty.
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2.3.1 Granular Classifier Performance Metrics
The interval predictions produced by theGNNare first evaluated using interval‐based performance

measures. These metrics assess the ability of the classifier to produce prediction intervals that are
both reliable and informative. Specifically, the intervals should achieve high coverage while remaining
as narrow as possible. Thesemeasures are also used as objective functions in optimizing the proposed
GNN.

• Coverage: Coverage measures the proportion of target labels that are captured by their cor‐
responding predicted score intervals. It reflects how well the generated intervals contain the
correct class while accounting for prediction uncertainty.
The coverage metric is defined as

Coverage =

{
1, max(y+m) = y+t,m & max(y−m) = y−t,m
1
M

∑M
m=1 O(Yk,m, Yt,m), otherwise,

(17)

where

Yk,m = [y−k,m, y
+
k,m], Yt,m = [y−t,m, y

+
t,m],

represent the predicted and target score intervals for samplem, respectively, andM is the total
number of evaluation samples.
The overlap function is defined as

O(Yk,m, Yt,m) = max
(
0,min(y+k,m, y

+
t,m)−max(y−k,m, y

−
t,m)

)
.

The overlap function simply determines whether the target class score lies within the predicted
interval. Alternatively, partial overlap may be used to provide a graded measure of coverage
instead of a binary decision.

• Specificity: Specificity quantifies the average width of the predicted score intervals. Higher
specificity corresponds to narrower intervals and therefore more precise predictions.
Specificity is defined as

Specificity = 1− 1

M

M∑
m=1

∣∣y+m − y−m
∣∣ . (18)

• Coverage–Specificity Trade‐off (V ):
Coverage and specificity are naturally conflicting objectives. Increasing coverage generally re‐
sults in wider prediction intervals, whereas increasing specificity encourages narrower intervals.
To balance these objectives, the following performance index is employed:

V = Coverage× Specificty. (19)
The product formulation is intended to represent the joint satisfaction of the two criteria rather
than to optimize either criterion independently. Since (Coverage, Specificity ∈ [0, 1]), it fol‐
lows that:

0 ≤ V ≤ 1. (20)
Thus, (V) is monotonically non‐decreasing with respect to either criterion when the other is
fixed. The formulation also makes the indicator sensitive to poor performance in either com‐
ponent. Hence, a high value of one criterion alone is insufficient to produce a high joint‐quality
value.
The indicator should therefore be interpreted as a bounded scalar measure of joint coverage‐
specificity quality. It is not claimed to be the unique or universally optimal aggregation function;
rather, it provides a simple and interpretable criterion for comparing granular representations
in which both coverage and specificity are considered desirable simultaneously.
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The following example illustrates the computation of these metrics.
y−m = [y−1 , y

−
2 , y

−
3 ], y+m = [y+1 , y

+
2 , y

+
3 ].

m True class t y−m y+m
1 1 [0.7,0.1,0.0] [0.9,0.1,0.2]
2 2 [0.3,0.4,0.1] [0.5,0.8,0.3]
3 3 [0.2,0.2,0.5] [0.4,0.3,0.7]
4 2 [0.6,0.2,0.3] [0.8,0.7,0.6]

For complete interval coverage,

Cov =
1

4
(1 + 1 + 1 + 1) = 1.

Using partial overlap,

Cov =
1

4
(1 + 1 + 1 + 0.1) = 0.775.

The specificity is

Spec = 1− 1

4
(0.2 + 0.4 + 0.2 + 0.2) = 0.75.

Therefore,

V = Cov × Spec = 1× 0.75 = 0.75,

or, using partial coverage,

V = 0.775× 0.75 = 0.5813.

2.3.2 INS‐Based Semantic Evaluation
Although Coverage and Specificity assess the quality of the generated interval predictions, they

do not provide a semantic interpretation of the uncertainty associated with those predictions. To
address this limitation, we introduce a new Interval Neutrosophic Set (INS) mapping that transforms
the interval‐valued class scores produced by the GNN into three complementary semantic compo‐
nents: Truth, Intermediacy, and Falsity. These components characterize the confidence assigned to
the target class, the uncertainty arising from overlapping class predictions, and the strongest compet‐
ing evidence against the target class.

Based on the proposed INS mapping, each interval‐valued prediction generated by the GNN is
represented by the corresponding Truth (Eq. 14), Intermediacy (Eq. 15), and Falsity (Eq. 16) intervals.
These semantic components are subsequently used to determine the final class prediction and to
provide an interpretable assessment of the prediction confidence and uncertainty.

INS Performance Measures. The semantic representation provided by the proposed INS mapping
enables the use of Interval Neutrosophic performance measures to evaluate the quality of interval‐
valued predictions.

INS Score. The INS score jointly evaluates the Truth, Intermediacy, and Falsity components of each
prediction. For a single prediction, the score is computed as [24]

Scorem =
T−
m + T+

m + (1− I−m) + (1− I+m) + (1− F−
m) + (1− F+

m)

6
. (21)

Where Tm, Fm, and Im are the Truth, Falsity and Intermediacy of each samplem respectively. In the
case of an ∅ Fm or Im are calculated as zero. The average INS score over allM evaluation samples is
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Score =
1

M

M∑
m=1

Scorem. (22)

Example. Using the interval predictions presented in Examples A and B, the corresponding INS
scores are obtained directly from Eq. (21). For Example A (confident prediction), the INS Score is
Score = 0.86, reflecting a highly confident prediction with no ambiguity or competing evidence. For
Example B (competing prediction), the INS Score is Score = 0.415, indicating increased uncertainty
and stronger competing evidence against the target class.

INS Accuracy.
While the INS Score provides an overall semantic evaluation by jointly considering the Truth, In‐

termediacy, and Falsity components, the INS‐Accuracy measures the confidence of an interval pre‐
diction by balancing the evidence supporting the target class (Truth) against the strongest competing
evidence (Falsity) [25]. The index is normalized to the range [0, 1], where values close to 1 indicate
high‐confidence predictions and values close to 0 indicate weak or highly contested predictions.

For a single prediction, the INS‐Accuracy is defined as:

Accuracym =
(T−

m + T+
m)− (F−

m + F+
m)

4
. (23)

The average Accuracy over allM evaluation samples is

Accuracy =
1

M

M∑
m=1

Accuracym. (24)

Example. Using the interval predictions presented in Examples A and B, the corresponding Accura‐
cies are computed from Eq. (23). For Example A, the value is Accuracy = 0.29, because the target class
is strongly supportedwith no competing evidence. For Example B, the Accuracy is Accuracy = −0.103,
indicating that the competing class provides substantial evidence against the target class, resulting in
negative accuracy. The lower Accuracy indicates that the competing class provides substantial evi‐
dence against the target class, resulting in a less confident prediction.

The INS‐based semantic evaluation complements the interval‐performance measures by provid‐
ing an interpretable characterization of prediction confidence, ambiguity, and competing evidence.
The INS Score offers an overall semantic assessment by jointly considering Truth, Intermediacy, and
Falsity, whereas the Accuracy quantifies the balance between supporting and competing evidence.
Together, these measures provide a more comprehensive evaluation of interval‐valued predictions
than conventional classification accuracy.

Design Process Summary
The GNN development process involves the following steps:
1. Train a standard (numeric) neural network using labeled training data.
2. Assign an initial information granularity level ϵ to the network.
3. Select an allocation protocol and apply particle swarm optimization (PSO) to refine the distribu‐

tion of ϵ.
4. Evaluate the GNN using the proposed interval performance metrics, including Coverage, Speci‐

ficity, Truth, Intermediacy, Falsity, INS Score, and INS Accuracy.
Optimization via PSO Particle Swarm Optimization (PSO) [26] is employed to find optimal ϵ val‐

ues for each C3 and C4. Each particle in the swarm represents a granularity vector, and its fitness is
computed using the coverage objectiveQ.
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The PSO update equations are:
v
(t+1)
i = ωv

(t)
i + c1r1(pi − xi) + c2r2(g − xi), (25)

x
(t+1)
i = x

(t)
i + v

(t+1)
i , (26)

where xi and vi are position and velocity, pi is the best position of particle i, g is the global best, and
r1, r2 ∼ U(0, 1).

The proposed performance index V (19) provides a practical implementation of the principle of
justifiable granularity [27, 28]. According to this principle, information granules should achieve a bal‐
ance between experimental evidence, represented by high coverage, and semantic specificity, rep‐
resented by narrow and discriminative intervals. The four allocation protocols (C1–C4) are therefore
evaluated using the common objective V, while the optimization‐based protocols (C3 and C4) employ
PSO to identify interval bounds that best satisfy this balance. Consequently, the resulting information
granules are both representative of the underlying uncertainty and sufficiently precise for reliable
classification.

3. Experiments and Results
3.1 Datasets

A total of nine datasets were utilized in this experiment, each differing in the number of features
and classes. The feature list include values both positive and negative values. The datasets employed
are listed in Table 1 as follows:

Table 1
Experiment datasets

Name Description

Breast Cancer Wisconsin (Diagnostic) [29] Features from breast mass FNA digitized image of
cell nuclei present in the image.

Iris [30] Plant features set contains 3 classes of 50 instances
each, where each class refers to a type of iris plant.

Yeast [31] Contains biological data used for classifying protein
cellular localization sites within a yeast cell.

human activity [32] Matlab Dataset containing 24,075 observations of
five physical human activities. Each observationhas
60 features.

Heart failure [33] Predicting heart disease events.
Adult Autism Screening [34] Autistic Spectrum Disorder Screening Data for

Adult. This dataset is related to classification and
predictive tasks.

Weather type [35] Dataset is synthetically generated tomimicweather
data for classification tasks.

Crop Recommendation [36] Dataset predict the most suitable crop to grow
based on several agro‐climatic parameters.

E coli [37] Contains 336 protein samples used to predict their
subcellular localization in E coli.

Name # of Features

Breast Cancer Wisconsin (Diagnostic) [29] 30
Iris [30] 4
Yeast [31] 8
human activity [32] 60
Heart failure [33] 11
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Table 1
Continued

Name # of Features

Adult Autism Screening [34] 12
Weather type [35] 10
Crop Recommendation [36] 7
E coli [37] 7
Name # of Classes

Breast Cancer Wisconsin (Diagnostic) [29] 2
Iris [30] 3
Yeast [31] 10
human activity [32] 6
Heart failure [33] 2
Adult Autism Screening [34] 2
Weather type [35] 4
Crop Recommendation [36] 20
E coli [37] 8

3.2 Experimental Setup and Implementation Details
The experiment conducted is detailed in Table 2. To ensure the rigidity of the results produced,

Table 2
Experimental setup and implementation details
Parameter Configuration

Software MATLAB R2022b
Random seed rng(seed)
seed [15, 70, 256, 389, 512, 641, 773, 881, 947, 1024]
Data split 70% training / 30% testing (cvpartition)
Baseline architecture patternnet(10); 1 hidden layer, 10 neurons
Hidden activation Hyperbolic tangent sigmoid (tansig)
Output activation Softmax (baseline); linear (granular classifier)
Training algorithm trainscg
Loss function Cross‐entropy
Maximum epochs 1000
Granularity protocols C1–C5
PSO protocols C3–C4
D Number of PSO optimzation variables
ϵi bounds [0, 1] i = 1, . . . , D,
Swarm size min(100, 10D)

Maximum iterations 200D

c1, c2 1.49, 1.49

Inertia range [0.1, 1.1]

Function tolerance 10−6

Objective V = Cov× Spec

they were reproduced with 10 different randomization seeds. The final results reported of any metric
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x are in the form of (x̄± s) such that :

x̄ =
1

R

R∑
r=1

xr (27)

s =

√√√√ 1

R− 1

R∑
r=1

(xr − x̄)2, (28)

3.3 Results and discussion
All experiments employed the same neural network architecture with one hidden layer contain‐

ing 10 neurons. The data were randomly divided into training (70%) and testing (30%) sets. A fixed
training protocol and identical hyperparameters were used across all experiments to ensure a fair
comparison and to isolate the effect of the proposed granular information allocation strategy. The
relatively compact architecture was intentionally selected to reduce the influence of model complex‐
ity, allowing the performance differences to be primarily attributed to the proposed GNN framework
rather than increased network capacity. Network performance was evaluated using the cross‐entropy
loss function

The information granules of the neural network were formed after obtaining the parameters from
the training phase using the allocation of information granules of several allocation protocols.

The performance of the GNN is first evaluated using coverage, specificity, and their product, which
shows the overall balance achieved by the granular structure of the neural network. To provide a com‐
prehensive measure of GNN performance, the area under the curve (AUC) of the coverage‐specificity
curve is calculated. This metric captures the combined performance of the model across different
levels of granularity.

AUC represents the area between the evaluated performance curve and the (ϵ)‐axis. Therefore,
(ϵ) is the independent variable and the integration axis. For each calculated metric at every ϵ the AUC
(Area Under the Curve) is calculated as: ∫ 1

0

metric(ϵ) (29)

The area was then numerically approximated using the trapezoidal rule:

AUC ≈
M−1∑
i=1

metric(ϵi) +metric(ϵi+1)

2
(ϵi+1 − ϵi), (30)

where (M) is the number of evaluated (ϵ ∈ [0, 1]) values. Thus, the AUC does not represent integration
with respect to the metric. Rather, it quantifies the accumulated value of the plotted performance
measure over the investigated range of the granularity parameter (ϵ).

The GNNs were developed based on the four granularity allocation protocols described in section
2.1. To establish a reference for evaluation, a fifth protocol employing a random granularity allocation
was implemented as a benchmark. Comparing the results of the systematic protocols against this
random baseline enables a clear assessment of the effectiveness of structured granularity allocation
in enhancing the overall performance and stability of the GNN.

In determining the predicted class, a particular challenge arises due to the probabilistic and
interval‐valued nature of the outputs. In conventional (crisp) neural networks, the class correspond‐
ing to the highest output score is directly assigned as the predicted label. However, in the GNN, the
outputs are represented as intervals that capture the uncertainty associated with each class, with
each interval constrained within the range [0,1]. These intervals are generated by two parallel sub‐
networks: one estimating the lower bounds and the other estimating the upper bounds of the class
predictions.

In standard classification networks, the softmax layer produces normalized predictions empha‐
sizing the most likely class. However, in the GNN, this behavior suppresses the interval variability
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required to express uncertainty. To enable interval formation, the softmax activation was replaced
with a purelin (linear) activation function, allowing the network outputs to preserve the true range
of computed predictions without forced normalization. This modification enables the direct construc‐
tion of interval‐valued outputs that better represent the inherent uncertainty captured by the granular
model.
Figure 2 presents the Coverage (partial coverage), Specificity, and their product, V, as functions of ϵ for
the Crops dataset. For protocols C1 and C2, the optimal value of ϵ was identified as 0.45. For C3 and
C4, the optimal allocation parameters were determined using the PSO algorithm, yielding the best‐
performing ϵ values of 0.7 and 0.9, respectively. To quantify the overall performance of each protocol,
the Area Under the Curve (AUC) of the V curvewas computed. For C2, the analysis indicates that γ=0.7
provides the best trade‐off based on the AUC of the performance indicator V. Furthermore, the AUC
results show that C4 achieved the highest overall performance, demonstrating that optimized gran‐
ular information allocation, particularly through PSO, enhances the adaptability and informativeness
of the generated intervals. It should be noted that using total coverage instead of partial coverage
would increase the coverage values, leading to correspondingly higher values of V and its AUC.

Table 3
Granular allocation techniques at optimal ϵ (testing set)

Dataset Metric C1 C2 C3 C4 C5

Cancer
cov .136± .01 .105± .035 .845± .099 .974± .018 .096± .039

spec .713± .025 .768± .065 .672± .281 .890± .116 .785± .077

V .083± .003 .068± .018 .519± .257 .868± .120 .062± .020

iris
cov .145± .023 .142± .017 .924± .032 .966± .014 .127± .023

spec .689± .046 .690± .024 .969± .006 .971± .007 .720± .037

V .08± .007 .078± .007 .895± .031 .937± .015 .067± .012

Hu‐Act
cov .192± .038 .087± .045 .792± .120 .966± .010 .087± .045

spec .57± .07 .705± .073 .773± .078 .872± .030 .703± .074

V .082± .006 .051± .026 .570± .100 .839± .029 .050± .025

yeast
cov .078± .029 .095± .022 .650± .033 .911± .015 .089± .020

spec .61± .025 .579± .029 .966± .004 .926± .006 .593± .045

V .038± .015 .041± .012 .626± .030 .840± .014 .040± .011

autism
cov .0858± .0098 .085± .012 .935± .014 .957± .014 .087± .017

spec .8028± .0178 .809± .023 .958± .010 .962± .008 .806± .035

V .0618± .0052 .060± .007 .896± .016 .921± .013 .054± .009

heart
cov .0997± .0086 .101± .008 .861± .011 .892± .013 .089± .014

spec .76± .0151 .759± .014 .939± .010 .943± .011 .785± .029

V .0672± .0041 .067± .004 .808± .018 .841± .010 .062± .007

weather
cov .1112± .0157 .151± .021 .711± .037 .867± .014 .143± .025

spec .703± .0487 .614± .024 .928± .004 .916± .010 .632± .042

V .067± .0066 .072± .007 .658± .034 .793± .019 .067± .007

crops
cov .018± .0147 .130± .025 .327± .070 .901± .026 .137± .027

spec .494± .0468 .453± .034 .973± .004 .959± .002 .458± .046

V .0058± .0051 .038± .005 .318± .068 .861± .027 .039± .006

ecoli
cov .1281± .0307 .187± .033 .686± .059 .924± .012 .177± .034

spec .5412± .0535 .513± .029 .962± .003 .945± .009 .529± .050

V .0496± .0118 .065± .009 .659± .057 .871± .014 .059± .011

The performance indices for the remaining datasets are summarized in Table 3. The smoothness of
the curves varied across the datasets; however, a general observationwas that a distinct peak occurred
at a specific value of ϵ, indicating the presence of an optimal granule structure. The average AUC value
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across all datasets is listed in Table 4. Protocol C4 demonstrated the highest flexibility, as it permits
simultaneous optimization of the interval size, bounds, and uniformity. Although using PSO adds extra
computational overhead, the observed performance improvements are significant and justify its use
for achieving enhanced granularity‐based performance.

Table 4
Average AUC of Granular allocation techniques
Protocol Coverage Specificity V

C1 0.1103± 0.006994 0.653± 0.0107 0.059± 0.00245

C2 0.1203± 0.00991 0.6545± 0.0168 0.06± 0.00396

C3 0.7485± 0.017 0.9033± 0.031 0.660± 0.0289

C4 0.9286± 0.00351 0.93± 0.0121 0.863± 0.0141

C5 0.115± 0.01087 0.668± 0.0189 0.0556± 0.0044

Another perspective on the performance of the protocols is provided by evaluating the Truth,
Falsity, and Intermediacy measures using INS (refer to section 2.3.3). In our case, the cross‐validation
using INS characteristics further highlights the implications of free granular allocation. As shown in
Figure 3, the widest intervals of Intermediacy and Falsity appear in protocols C3 and C4, where the
granule allocation is most flexible. Interestingly, the Score values derived from INS characteristics do
not always correspond directly to the indicator V presented in Figure 2. This divergence stems from
the distinct nature of the metrics: while Coverage and Specificity quantify the size of a granule and
how effectively it encloses the possible solution, the INS measures reflect the semantic quality of the
granule, its interpretability, precision, and relevance to the target. Since the GNNs were optimized
for the highest value of V , achieving a configuration that maximizes Truth (or overall INS accuracy)
represents an ideal and desirable outcome. The classification performance, as reflected by the high
Truth levels, thus remains robust and encouraging. Some variance in our results, however, can be
explained by the small size of the network used in this experiment.

The INS‐based evaluation offers a semantic interpretation of these results. In Table 5, all proto‐
cols appear to have similar performance, while protocols C1 and C5, despite showing higher Truth and
Score, perform poorly on coverage and V . Meanwhile, by averaging results from all datasets as shown
in Table 6, C3 and C4 achieve relatively lower Truth but significantly better balance between predictive
Index and uncertainty representation. This reveals a meaningful trade‐off: higher semantic certainty
(Truth) does not always correspond to higher predictive quality. The results confirm that optimized
granular protocols, particularly C4, produce intervals that are both protective and discriminative, cap‐
turing the underlying uncertainty while maintaining robust classification performance.

Pairwise differences between the five configurations were assessed using two‐sided Wilcoxon
signed‐rank tests across the 90 paired observations. To account for multiple pairwise comparisons, p‐
values were adjusted using the Holm procedure (refer to Table 7). The rank‐biserial correlation (RBC)
were reported as measures of effect magnitude and direction. It is evident that over all the ranking
from top to bottom is C4 −→ C3 −→ C2 −→ C1 −→ C5.

where the differences (di) for a comparison of (Ci Vs Cj) is di = Ci − Cj such that more positive
ranks reflect on a higher rank of Ci while more negative ranks reflect on a higher rank for Cj .

For comparison, two established interval/set‐valued classification frameworks were evaluated on
the same datasets: Conformal Predictors (CP) [38, 39] and the Least Ambiguous Set‐Valued Classifier
with Bounded Error Levels (LABEL) [40]. Both methods generate a prediction set of candidate class
labels based on the probabilistic outputs of the underlying neural network.

To ensure a fair comparison, the held‐out data (30%of the original)were then divided into separate
calibration and test subsets (15% of the original dataset each). The calibration subset was used to
estimate the parameters required by the uncertainty‐quantificationmethods, whereas the test subset
was used exclusively for the final evaluation. Consequently, the test data were not used during model
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(a) C1 (b) C2 Coverage

(c) C2 Indicator(V) (d) C2 Specificity

(e) C3 (f) C4

(g) C5
Fig. 2. Crops dataset results (testing set)
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(a) C1 (b) C2

(c) C3 (d) C4

(e) C5
Fig. 3. Median INS characteristics of the Crops dataset
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Table 5
AUC of Granular allocation techniques in terms of INS characteristics and metrics. (The
midpoint of the T, F, and I is used to calculate AUC across all ϵ).
Dataset Metric C1 C2 C3 C4 C5

Cancer

T ∗ .820± .027 .537± .020 .593± .059 .611± .047 .782± .123

F ∗ .005± .005 .035± .004 .097± .069 .120± .071 .013± .014

I∗ .005± .004 .030± .004 .090± .063 .115± .065 .012± .013

Score .937± .011 .824± .008 .802± .055 .792± .051 .919± .049

Accuracy .408± .015 .251± .011 .248± .054 .746± .047 .385± .068

iris

T ∗ .670± .035 .723± .027 .696± .038 .798± .059 .782± .027

F ∗ .013± .007 .012± .007 .023± .011 .030± .020 .010± .006

I∗ .012± .006 .011± .007 .023± .011 .029± .018 .009± .006

Score .881± .015 .900± .010 .883± .016 .913± .030 .921± .010

Accuracy .328± .020 .355± .014 .336± .021 .884± .037 .386± .014

Hu‐Act

T ∗ .426± .069 .303± .069 .226± .016 .221± .014 .303± .069

F ∗ .031± .012 .036± .024 .104± .038 .108± .012 .035± .025

I∗ .028± .012 .033± .023 .072± .016 .084± .010 .031± .023

Score .789± .029 .745± .028 .683± .021 .677± .006 .746± .027

Accuracy .198± .039 .133± .036 .061± .024 .557± .007 .134± .035

yeast

T ∗ .183± .023 .238± .013 .180± .017 .198± .013 .243± .012

F ∗ .052± .025 .067± .028 .079± .018 .123± .017 .062± .028

I∗ .043± .021 .053± .025 .071± .017 .098± .014 .050± .025

Score .696± .014 .706± .019 .676± .010 .659± .007 .711± .019

Accuracy .066± .014 .086± .017 .050± .009 .537± .004 .091± .017

autism

T ∗ .817± .016 .832± .020 .864± .015 .892± .013 .845± .022

F ∗ .007± .003 .007± .003 .012± .002 .013± .004 .004± .003

I∗ .006± .003 .006± .003 .012± .002 .013± .004 .004± .003

Score .935± .007 .940± .006 .947± .006 .955± .006 .946± .009

Accuracy .405± .009 .413± .010 .426± .008 .939± .008 .421± .012

heart

T ∗ .708± .021 .705± .025 .721± .025 .762± .029 .744± .026

F ∗ .007± .003 .078± .011 .021± .006 .021± .005 .006± .003

I∗ .007± .003 .072± .011 .020± .006 .020± .005 .006± .003

Score .898± .007 .852± .006 .893± .012 .907± .013 .911± .010

Accuracy .351± .011 .313± .009 .350± .015 .870± .017 .369± .014

weather

T ∗ .363± .045 .540± .057 .364± .045 .540± .052 .548± .061

F ∗ .039± .010 .025± .005 .068± .012 .055± .019 .020± .007

I∗ .036± .009 .022± .005 .061± .012 .047± .017 .018± .006

Score .763± .018 .831± .021 .745± .021 .813± .029 .837± .024

Accuracy .162± .025 .258± .030 .148± .027 .743± .035 .264± .033

crops

T ∗ .055± .014 .223± .036 .054± .011 .223± .036 .235± .041

F ∗ .011± .007 .050± .015 .017± .005 .106± .019 .050± .016

I∗ .008± .005 .036± .011 .013± .005 .082± .016 .036± .011

Score .679± .003 .712± .012 .675± .002 .678± .009 .716± .014

Accuracy .022± .005 .086± .016 .019± .004 .559± .013 .093± .020

ecoli

T ∗ .288± .040 .504± .070 .286± .038 .507± .093 .529± .076

F ∗ .026± .015 .029± .008 .044± .014 .077± .020 .018± .006

I∗ .022± .012 .023± .007 .040± .013 .064± .015 .015± .006

Score .747± .020 .818± .024 .734± .020 .788± .041 .832± .025

Accuracy .131± .025 .238± .036 .121± .024 .715± .055 .255± .038
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Table 6
Average AUC of Granular allocation techniques in terms of INS characteristics
Protocol Truth Falsity Intermediacy Score INS Accuracy
C1 .481± .013 .021± .0037 .018± .003 .814± .005 .23± .007

C2 .538± .02 .035± .0045 .03± .004 .824± .008 .251± .011

C3 .443± .0087 .051± .007 .044± .0055 .783± .004 .196± .005

C4 .528± .016 .0725± .0079 .061± .0075 .798± .008 .728± .0095

C5 .5568± .0204 .024± .005 .02± .004 .838± .008 .266± .011

Table 7
Statistical comparison of granularity allocation protocols using the Wilcoxon signed‐rank
test

Comparison Median
difference #Rank+ #Rank− minRank

Holm‐
adjusted
p− value

RBC

C1 vs C2 ‐0.00078 1904.5 2190.5 1904.5 0.565 ‐0.0698
C1 vs C3 ‐0.597 0 4095 0 1.744×10−15 ‐1.0
C1 vs C4 ‐0.814 0 4095 0 1.744×10−15 ‐1.0
C1 vs C5 +0.004 2445 1650 1650 0.2195 +0.1941
C2 vs C3 ‐0.597 0 4095 0 1.744×10−15 ‐1.0
C2 vs C4 ‐0.806 0 4095 0 1.744×10−15 ‐1.0
C2 vs C5 +0.0043 3378 717 717 2.588× 10−7 +0.65
C3 vs C4 ‐0.15 73 4022 73 7.782×10−15 ‐0.96
C3 vs C5 +0.60 4095 0 0 1.744×10−15 +1.0
C4 vs C5 +0.808 4095 0 0 1.744×10−15 +1.0

training or calibration.
For Conformal Prediction, the trained NN produces a vector of class probabilities:

[pi,1, pi,2, . . . , pi,K ] (31)
For each calibration sample (xi), where (K) is the number of classes. For a calibration sample with true
class (yi), the nonconformity score used in our implementation is:

si = 1− pi,yi (32)
A calibration sample receives a smaller nonconformity score when the base classifier assigns a higher
probability to its true class. The calibration scores are sorted, and for a specified non‐conformity level
(α), the conformal threshold is obtained at the index:

j = ⌈(Ncal + 1)(1− α)⌉ , (33)
where (Ncal) is the number of calibration samples. In the experiments, (α = .05), corresponding to a
nominal coverage level of 95%. For a test sample (xi), the conformal prediction set is consequently
formed from the classes (k) whose nonconformity scores satisfy the calibrated threshold, i.e.,

[k : 1− pi,k ≤ qα] (34)
The empirical coverage is then evaluated exclusively on the independent test (the remaining 15%)
subset as:

CoverageCP =
1

Ntest

Ntest∑
i=1

I [yi ∈ Γ(xi)] , (35)

where (I[·]) is the indicator function. In addition to coverage, the Specificity is developed by calculating
the predictions set size.The corresponding joint coverage‐specificity indicator (VCP ) is calculated as the
multiplication as defined previously.
The LABEL method is evaluated using the same trained base classifier and the same calibration/test
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separation. For each class (k), the calibration procedure calculates a class‐specific residual for every
calibration sample:

|I(yi = k)− pi,k| , (36)
where (I(yi = k)) is equal to 1 when the calibration sample belongs to class (k), and 0 otherwise.

The calculations produce the probability‐interval procedure to construct an interval [Li,k, Ui,k].
For LABEL, empirical Coverage and Specificity are determined by whether the probability assigned

to the true class lies within its corresponding predicted interval.
Using CoverageL and SpecifictyL the corresponding VL is calculated.

Consequently, CP and LABEL are evaluated under the same overall experimental conditions, using
the same trained base classifier, the same calibration/test framework, the same nominal confidence
level, and the same test‐set criteria of coverage, specificity, and the resulting joint indicator.

For all experiments, the confidence level was fixed at 95%.
Following the standard evaluation protocol adopted in the literature–empirically– coverage is con‐

sidered successful if the prediction set contains the true class label, regardless of the number of la‐
bels in the set. In contrast, specificity penalizes prediction sets containing unnecessary labels; conse‐
quently, larger prediction sets yield lower specificity.

The comparative results are presented in Table 8. The primary difference between the methods is
reflected in the performance index V, which combines coverage and specificity into a single measure
of classification quality. The proposed framework consistently achieves higher V values than CP and
LABEL, indicating a better balance between accurate coverage and informative predictions. Unlike the
proposed method, which produces a single uncertainty‐aware class label, CP and LABEL generate sets
of candidate labels that, in some cases, include all possible classes, reducing their practical usefulness.
Overall, the proposed framework provides higher‐quality and more informative classifications while
maintaining competitive coverage.

Table 8
Average AUC of Granular allocation techniques in addition to interval
classification methods
Method Coverage Specificity V

C3 0.7485± 0.017 0.9033± 0.031 0.660± 0.0289

C4 0.9286± 0.00351 0.93± 0.0121 0.863± 0.0141

Conformal Predictor 0.841± 0.2297 0.2571951± 0.267 0.1784± 0.172

LABEL predictors 1± 0 0.374± 0.1827 0.375± 0.183

The experimental results demonstrate that optimized granular information allocation substantially
improves uncertainty quantification in neural network classification. The proposed GNN generates
interval‐valued predictions that capture predictive uncertainty while maintaining a favourable bal‐
ance between coverage and specificity, as reflected by the consistently higher values of the perfor‐
mance index V. The performance of the PSO‐based protocol (C4) indicates that adaptive granule allo‐
cation produces more informative and reliable uncertainty estimates than fixed or random allocation
strategies. Furthermore, comparison with Conformal Prediction and LABEL classifiers shows that the
proposed framework quantifies uncertainty without sacrificing decision informativeness, producing a
single uncertainty‐aware prediction rather than large sets of candidate labels. These findings demon‐
strate that the proposed GNN provides an effective and interpretable framework for uncertainty‐
aware classification when discussing empirical results.

4. Conclusion
This paper presented a Granular Neural Network (GNN) framework for uncertainty‐aware classi‐

fication, where interval‐valued outputs explicitly quantify predictive uncertainty. By optimizing in‐
formation granule allocation through several allocation protocols, including PSO‐based strategies,
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the proposed framework significantly improved the balance between coverage and specificity, as re‐
flected by the performance index V. Among the evaluated protocols, C4 consistently achieved the
highest overall performance, demonstrating that adaptive granule allocation produces more informa‐
tive and reliable uncertainty estimates than fixed or random allocation schemes. Comparisons with
Conformal Prediction and LABEL classifiers further showed that the proposed approach providesmore
discriminative predictions by generating a single uncertainty‐aware class label rather than large pre‐
diction sets.

The complementary INS‐based analysis revealed that semantic certainty does not necessarily cor‐
respond to superior predictive performance. While protocols C1 and C5 achieved higher Truth values,
they produced less effective uncertainty estimates, whereas C3 and C4 provided a better balance
between predictive quality and uncertainty representation. These findings highlight that effective un‐
certainty quantification requires not only semantically meaningful intervals but also an appropriate
balance between interval coverage and precision. Overall, the proposed GNN offers an interpretable
and robust framework for uncertainty‐aware classification, making it well suited for applications in‐
volving noisy, ambiguous, or critical data.

Future work will extend the proposed framework to deep architectures, particularly Convolutional
Neural Networks (CNNs), by incorporating interval‐based representations within convolutional layers.
In addition, information granule optimization will be investigated using INS characteristics, namely
Truth, Falsity, and Intermediacy, alongside Coverage and Specificity, to develop more informative and
semantically guided uncertainty‐aware learning strategies.
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